Abstract. In this paper we give a large number of quadratic fields Q(fd) whose class group 
, the ranks of H3(d) and //3(d') are related by r = s or r = s + 1. We call the condition on the right the escalatory case.
In [11] Shanks defines polynomials D3(y) and D6(z) whose values produce d with r > 2. Using these polynomials, the first d with r = 4 were obtained: two in [12] and one more in [6] . The distribution of H3(d) for 250 d with 2 < r < 4 is given in [6] . All fields k obtained by this method are in the escalatory case [11] . In particular, s = 3 in the three cases with r = 4.
In [3] Diaz y Diaz gives a method to find fields k with r ^ 3, and he obtains 13 fields with r = 4 and 119 fields with r > 4. In [4] it is proved that all these 132 fields have r = 4 and that the associates k' have 5 = 3. Craig [2] constructs infinitely many fields k with r > 4. The smallest of these has discriminant d « -428 X 10100. Diaz y Diaz showed that r = s for these fields, so that their associates have s > 4 (cf. [4] ). Up to now, these are the only real fields with s > 4 ever discovered, and no imaginary field was known with r ^ 5.
In this paper we give a large number of fields k with H3(d) of interest. In particular, 20 imaginary fields with r = 5 and associate real fields with s = 4 are given. In our search we have used the methods given in [11] , [3] and [5] . For our computations of H(d) with d < 0 we have used a version of the method given in [10] .
In Section 2 the distribution of H3(d) is given for the d obtained by each method (Tables 1-3 ). In Section 3 these results are compared with Cohen and Lenstra's heuristic conjectures [1] . Section 4 gives numerical examples of special interest (Tables 6-9 ). In Section 5 we present the 20 fields with r = 5 that we know for -35102371403731 < d < -1798827299449207043 (Table 10) . We also consider the 121 equations 4A3 = B2 -C2d associated with each such field (cf. [3] ), and we give the solutions in two cases (Tables 11 and 12 ). In the last section we deal with real quadratic fields. We verify that all our fields with r = 5 are in the escalatory case and we give H(d') ( Table 13 ).
Some of the results presented here are contained in [7] . We would like to thank Professor D. Shanks for his encouragement and for his suggestions in editing this paper. We have computed H(d) for the 3249 d in (1) for -12005 < y < 11999 and for the 5680 d in (2) with -10498 < z < 10501. In Table 1 we give the distribution of H3(d) for these 8929 fields. As usual, C(n) denotes the cyclic group of order n.
We have also computed H(d) for some other values of y and z. In particular, we have found a new example of r = 5 for d = -D6(-11360).
In [3] Diaz y Diaz gives a method to obtain imaginary quadratic fields with r ^ 3 with discriminants d = DD(m) depending on a parameter m. The main idea in this method lies in finding solutions of the equation Table 2 gives the structures of H3(d) for those 1840 fields with r > 3.
In [5] Mestre gives a method to obtain discriminants d of quadratic fields with rp(d) > 2 for p = 3,5 and 7. This method is based on the theory of elliptic curves.
In [5] the method is developed for p = 5 and 7. In [7] it is developed for p = 3.
Elliptic curves with a rational point of order three are parametrized by integers u, v.
C(u, v): y2 + uxy + vy = x3
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use and, for each such curve, a polynomial of eighth degree M(t) is constructed. For t satisfying certain congruences, this polynomial attains values enabling us to obtain discriminants d of quadratic fields with r3(d) > 2 (cf. [7] ).
Using this method, we have computed H(d) for 3884 fields with d < 0. We observe that the frequency of r > 2 depends on the curve C(u, v) chosen, being larger for the curve C(2,1). In Table 3 -D6W Total (9) XC (3) XC (9) Table 2 Distribution of the H3(d) for d = DD(m) with r > 4.
C (3)xC (3)xC (3)xC (3)xC (3) C (3)XC (3)XC (3)XC (3)XC (9) C (3)XC (3)XC (3)XC (3) Table 3 Distribution of the H3(d) for d obtained from C(u,v). TOTAL r=2 415 2583 2998 (9) xC ( Table 4 Frequency of different r. Table 5 Frequency of different r. Table 6 Example of H3(d) = C(3) X C(3) X C(312). 3. On Cohen and Lenstra's Heuristic Conjectures. Let G be a 3-group. Cohen and Lenstra conjectured that the probability of H3(d) being isomorphic to G is proportional to (#Aut(G))_1 (cf. [1] ). Analyzing our statistics in the preceding section, we observe that this conjecture holds with enough accuracy among the G having the same rank. However, it is not accurate for groups G with different rank. In Tables 1-3 we observe a frequency of the larger r much greater than that theoretically conjectured. Indeed, let P(rx, r2) be the probability of r = r2 provided r ^ r,. In Table 4 we give the values of P(2, r) X 100 computed following Cohen and Lenstra's conjecture and those obtained from Tables 1 and 3 .
In Table 5 theoretical values of P(3, r) X 100 and those obtained following our computations using Diaz y Diaz's method are compared.
Differences observed in Tables 4 and 5 could relate to the particular methods used to obtain these fields. Actually, the larger r is, the easier it will be to find two elements of order three in H(d) satisfying certain conditions (Shanks's method) or three independent solutions of (3) with the same C (Diaz y Diaz's method). Something similar happens with the method of elliptic curves, even though the different behavior of different curves requires special study. Table 7 Examples of H 3(d) = C(9) X C(9) X C(9). (A) On the basis of the two last sections it appears that for each 3-group G there will be discriminants d < 0 with H3(d) *= G, and, in particular, for G = Gk = C(3) X C(3) X C(3*). In Table 1 such Gk appear for 1 < k < 6 and one case with k = 12. In Table 3 , Gk appear for 1 < k < 7. Among the 37679 d = DD(m) with r = 3 which we have considered, there are also Gk for 1 < k < 9. We do not know any d with H3(d) ~ Gk for k = 10 and k = 11. The extreme case with k = 12 in Table 1 is recorded in Table 6 . We give its discriminant d, class number h(d), the structure of H(d) and three generators F¡ = (a¡, b¡,c¡) (1 < i < 3) of the 3-Sylow subgroup of the class group of quadratic forms of discriminant d. The orders of F¡ are respectively 3, 3 and 312.
(B) During our computations of class groups for discriminants d = DD(m), we have detected two d with H3(d) » C(9) X C(9) X C(9). Since 36|A(d) for these d, while no generator of H3(d) has order > 32, we could expect r > 4. According to [1] , the probability that H3(d) * C(9) X C(9) x C(9) for d < 0 is close to 1.82 x 10~9. Since this H3(d) is so rare, we give in Table 7 Table 7 has an additional interest. The first one has infinite class field tower while having only one ramified prime. Table 9 d verifying certain congruences (mod 9) with -dprime and r = 4. (mod 9). We have found 171 d prime with r = 4. They all also have an infinite class field tower with only one ramified prime. In Table 8 we give the distribution (mod 9)
of the 1824 discriminants d = DD(m) with r = 4 that we know, of the 171 such d that are prime, and of the 16d = DD(m) with r = 5.
We always have d = -4D3(y) = 1 (mod9) and d = -D6(z) = 4 (mod9). We think that the particular distribution of the d = DD(m) (mod9) is associated with the method itself. In Table 8 we observe that no prime d = 1, 7 or 8 (mod 9) with r = 4 has been found. The d = 7 (mod 9) are rare in general, but we think that prime discriminants satisfying this congruence probably exist. However, we wonder if there exist prime discriminants d = ± 1 (mod 9) with r = 4. In Table 9 we give six fields with r = 4 and d prime: the three d = 2 (mod 9) that we have found, and three examples of d = 4 (mod 9). 5 . Imaginary Quadratic Fields with r = 5. In Table 10 we give the twenty imaginary quadratic fields with r = 5 that we have found. Sixteen of them correspond to discriminants d = DD(m), m being the parameter for which we have found them. Two correspond to discriminants d = -4D3(y), and the other two correspond to discriminants d = -D6(z). For each of them we give its discriminant d, structure of H3 = H3(d) and H = H(d), and five quadratic forms F¡ = (a¡, b¡, c¡) (1 :< i < 5) which generate the corresponding 3-Sylow subgroup of the class group of binary quadratic forms of discriminant d. For 1 < / < 4, F¡ is of order three. F5 is of order 3, 9 or 27 according to the structure of H3(d).
For these 20 fields we have computed the 121 corresponding equations (3). They are listed in Table 11 for d = DD(40c\19) and in Table 12 for d = DD(46649). Table 12 confirms the observation in [6] of the frequent occurrence of C = 2«3.
Here we have 21 cases of C = 2 and 19 cases of C = 2k3 with 2 < n < 9. In Table   11 the occurrence of C = n3 is frequent. There are 21 cases of C = 1, 20 cases of C = n3 with 2 < n < 8, and 3 cases of C = ll3.
Analyzing other fields, we observe the frequent appearance of C = en3, where e is a small divisor of the discriminant. Table 12 Solutions of 4A3 = B2 -C 2d corresponding to d = -56 736 325 657 288. In Table 13 these 20 fields k' with 5 = 4 are listed. We give their discriminant d', their regulator R, and the structure of their class group H(d'). 
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